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Abstract
In a recent paper [Phys. Lett. A 383 (2019) 2836; arXiv:1906.05121 [quant-ph]], Bagarello, Gargano, and Roccati have claimed
that no square-integrable vacuum exists in quantizing the Bateman oscillator model. In this paper, we rebut their claim by actually
deriving the square-integrable vacuum eigenfunction using a common procedure. We see that no problems occur in quantizing the
Bateman oscillator model.
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1. Introduction
Recently, Feshbach-Tikochinsky’s quantization approach [1]
to the Bateman oscillator model (or simply the Bateman model)
[2] has been reformulated concisely without invoking the
SU(1, 1) Lie algebra [3]. In this reformulation, the Hamilto-
nian eigenvalues found earlier by Feshbach and Tikochinsky are
derived simply and immediately. Also, the corresponding or-
thonormal eigenvectors are easily constructed by applying cer-
tain creation operators to the Bogoliubov vacuum state that is
denoted in Ref. [3] and in this paper as |0〉〉 (see Eq. (10)).
More recently, in Ref. [4], Bagarello, Gargano, and Roccati
have stated that there is no square-integrable eigenfunction cor-
responding to |0〉〉, and therefore quantizing the Bateman model
is impossible within the realm of Hilbert spaces. With this state-
ment, Bagarello et al. claimed that the conclusions deduced in
Ref. [3] are wrong.
In this paper, we rebut the claim made by Bagarello et al.,
clarifying their mistake. We point out that the eigenfunction
corresponding to |0〉〉 has not been defined in Ref. [4] precisely
and correctly. We show that the proper inner product between
bra and ket vectors leads to square-integrable eigenfunctions.
In fact, the square-integrable vacuum eigenfunction is given as
the proper inner product between a bra vector and |0〉〉. We see
that the quantization procedures established in Ref. [3] have
no problems. The purpose of this paper is not only to offer a
rebuttal but also to reinforce Ref. [3] with a study of the square-
integrable eigenfunctions in quantizing the Bateman model.
This paper is organized as follows: In Section 2, we make a
preliminary review of the necessary parts of Ref. [3]. In Sec-
tion 3, we introduce a statement given by Bagarello et al. in
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our own manner. In Section 4, we actually present the square-
integrable eigenfunctions to contradict their statement. Section
5 is devoted to concluding remarks.
2. Preliminaries
In Ref. [3], the operators ai and a
†
i
are defined as usual by
ai :=
√
mω
2~
xˆi + i
√
1
2~mω
pˆi , (1a)
a
†
i
:=
√
mω
2~
xˆi − i
√
1
2~mω
pˆi , (1b)
where xˆi and pˆi (i = 1, 2) are, respectively, position and mo-
mentum operators that satisfy xˆ
†
i
= xˆi, pˆ
†
i
= pˆi, and the commu-
tation relations
[
xˆi , pˆ j
]
= i~δi j1l (i, j = 1, 2) , all others = 0 (2)
with the identity operator 1l. (Here the over hat symbol is used
to stress that xˆi and pˆi are operators. In Ref. [3], xˆi and pˆi were
simply denoted as xi and pi, respectively.) It follows from Eqs.
(1) and (2) that
[
ai , a
†
j
]
= δi j1l , all others = 0 . (3)
In terms of ai and a
†
i
, the Hamiltonian operator governing the
Bateman model at the quantum level is expressed as [3]
H = ~ω
(
a
†
1
a1 − a†2a2
)
+ i
~γ
2m
(
a1a2 − a†1a†2
)
. (4)
The vacuum state vector in the
(
ai, a
†
i
)
-system, |0〉, is defined
by
ai |0〉 = 0 . (5)
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In order to reformulate Feshbach-Tikochinsky’s quantization
approach [1] without referring to the SU(1, 1) Lie algebra, the
following operators have been considered in Ref. [3]:
a¯i := e
θXai e
−θX , a¯‡
i
:= eθXa
†
i
e−θX , (6)
where X := a1a2 + a
†
1
a
†
2
, and θ is a complex parameter. It is
readily verified using Eqs. (6) and (3) that
[
a¯i , a¯
‡
j
]
= δi j1l , all others = 0 . (7)
Equation (6) can be written in the form of simple linear trans-
formations [3]; in particular, when θ = ±pi/4, Eq. (6) becomes1
a¯1 =
1√
2
(
a1 ∓ a†2
)
, a¯2 =
1√
2
(
∓ a†
1
+ a2
)
, (8a)
a¯
‡
1
=
1√
2
(
a
†
1
± a2
)
, a¯
‡
2
=
1√
2
(
± a1 + a†2
)
. (8b)
In this case, eθX is non-unitary, and Eq. (8) is recognized as a
pseudo Bogoliubov transformation [3].
In terms of a¯i and a¯
‡
i
, the Hamiltonian operator H can be
expressed as
H = ~ω
(
a¯
‡
1
a¯1 − a¯‡2a¯2
)
± i ~γ
2m
(
a¯
‡
1
a¯1 + a¯
‡
2
a¯2 + 1l
)
. (9)
As readily seen from Eq. (5), the vector
|0〉〉 := eθX |0〉 (10)
satisfies
a¯i |0〉〉 = 0 . (11)
Equation (11) implies that |0〉〉 is the vacuum state vector in the(
a¯i, a¯
‡
i
)
-system. The vector |0〉〉 is sometimes referred to as the
Bogoliubov vacuum state.
3. Statements in a recent paper
Now, let us review the statements made in Ref. [4] in our own
manner. For this purpose, we first consider the simultaneous
eigenvalue equations
〈x1, x2| xˆi = xi〈x1, x2| (i = 1, 2) . (12)
The eigenvector 〈x1, x2| is specified by the eigenvalues xi (∈ R).
Using Eqs. (2) and (12), we can show that
〈x1, x2|ai =

√
mω
2~
xi +
√
~
2mω
∂
∂xi
 〈x1, x2| , (13a)
〈x1, x2|a†i =

√
mω
2~
xi −
√
~
2mω
∂
∂xi
 〈x1, x2| (13b)
1 The operators
(
a¯1, a¯2, a¯
‡
1
, a¯
‡
2
)
are identical to (A1, A2, B1, B2) defined in
Ref. [4] when θ = pi/4 and to
(
B
†
1
, B
†
2
, A
†
1
, A
†
2
)
when θ = −pi/4.
(see, i.e., Ref. [5]). Combining Eqs. (8a) and (13) yields
〈x1, x2| a¯1
=
1
2

√
mω
~
(x1 ∓ x2) +
√
~
mω
(
∂
∂x1
± ∂
∂x2
) 〈x1, x2| ,
(14a)
〈x1, x2| a¯2
=
1
2
∓
√
mω
~
(x1 ∓ x2) ±
√
~
mω
(
∂
∂x1
± ∂
∂x2
) 〈x1, x2| .
(14b)
Multiplying both sides of Eqs. (14a) and (14b) by |0〉〉 on the
right and using Eq. (11), we have
{
(x1 ∓ x2) + ~
mω
(
∂
∂x1
± ∂
∂x2
)}
ϕ0,0(x1, x2) = 0 , (15a)
{
(x1 ∓ x2) − ~
mω
(
∂
∂x1
± ∂
∂x2
)}
ϕ0,0(x1, x2) = 0 , (15b)
where
ϕ0,0(x1, x2) := 〈x1, x2|0〉〉 . (16)
The pair of Eqs. (15a) and (15b) is equivalent to the following
pair of equations:
(x1 ∓ x2)ϕ0,0(x1, x2) = 0 , (17a)(
∂
∂x1
± ∂
∂x2
)
ϕ0,0(x1, x2) = 0 . (17b)
The solution of Eq. (17) is found to be
ϕ0,0(x1, x2) = cδ(x1 ∓ x2) , c ∈ C . (18)
Having obtained Eq. (18), Bagarello et al. stated that the only
solution of Eq. (17) is a distribution [4]. This statement itself
is acceptable. However, we would like to emphasize that the
ϕ0,0(x1, x2) defined in Eq. (16) is never recognized as the eigen-
function corresponding to |0〉〉. It thus turns out that the main
statement of Ref. [4] “no square integrable vacuum exists” is
totally incorrect. We are going to explain the details in the next
section.
4. Square-integrable eigenfunctions
LetB andK be the bra and ket spaces for the (ai, a†i )-system,
respectively, and let B¯ and K¯ be the bra and ket spaces for the(
a¯i, a¯
‡
i
)
-system, respectively. The bra space B is the dual space
of K , and the bra space B¯ is the dual space of K¯ . The proper
inner product is defined between an element of B and an ele-
ment of K , or between an element of B¯ and an element of K¯ .
The inner product between an element of B (B¯) and an element
of K¯ (K) is improper in common sense, although it may have a
particular meaning.
An arbitrary element |ψ〉 of K is related to an element |ψ〉〉
of K¯ by |ψ〉〉 = eθX |ψ〉. Because this relation is invertible, it
2
follows that K and K¯ are isomorphic. Similarly, an arbi-
trary element 〈φ | of B is related to an element 〈〈φ | of B¯ by
〈〈φ | = 〈φ |e−θX . This relation is also invertible, so that B and B¯
are isomorphic. We immediately see that
〈〈φ |ψ〉〉 = 〈φ |ψ〉 , (19a)
|ψ〉〉〈〈φ | = eθX |ψ〉〈φ |e−θX . (19b)
Equation (19a) implies that the proper inner product is indepen-
dent of the choice of the systems. Equation (19b) reminds us of
Eq. (6).
Each of the operators xˆi, pˆi, ai, and a
†
i
is defined on B andK .
Hence, it is evident that the Fock basis vectors
|n1, n2〉 := 1√
n1! n2!
(
a
†
1
)n1(
a
†
2
)n2 |0〉 (ni = 0, 1, 2, . . .) (20)
are elements of K , and the eigenvectors 〈x1, x2| (xi ∈ R) are
elements of B. (Clearly, |n1, n2〉 are eigenvectors of Ni := a†i ai
but not of the Hamiltonian operator H.) Using Eqs. (5) and
(13), we have the proper inner products
〈x1, x2|n1, n2〉
=
1√
2(n1+n2) n1! n2!
(
mω
pi~
)1/2
× Hn1
(√
mω
~
x1
)
Hn2
(√
mω
~
x2
)
exp
[
−mω
2~
(
x21 + x
2
2
)]
,
(21)
where Hn denotes the nth Hermite polynomial. Combining Eqs.
(19a) and (21) gives
ϕ¯n1,n2(x1, x2)
=
1√
2(n1+n2) n1! n2!
(
mω
pi~
)1/2
× Hn1
(√
mω
~
x1
)
Hn2
(√
mω
~
x2
)
exp
[
−mω
2~
(
x21 + x
2
2
)]
(22)
with
ϕ¯n1,n2(x1, x2) := 〈〈x1, x2|n1, n2〉〉 . (23)
Here, 〈〈x1, x2| := 〈x1, x2|e−θX and |n1, n2〉〉 := eθX |n1, n2〉. Since
〈〈x1, x2| are elements of B¯, and |n1, n2〉〉 are elements of K¯ , it
follows that 〈〈x1, x2|n1, n2〉〉 are proper inner products. Accord-
ingly, the square-integrable functions ϕ¯n1,n2(x1, x2) are appreci-
ated as the correct eigenfunctions corresponding to |n1, n2〉〉.
Using Eq. (6), |n1, n2〉〉 can be expressed as
|n1, n2〉〉 = 1√
n1! n2!
(
a¯
‡
1
)n1 (
a¯
‡
2
)n2 |0〉〉 (ni = 0, 1, 2, . . .). (24)
Also, from Eqs. (6) and (13), we have
〈〈x1, x2| a¯i =

√
mω
2~
xi +
√
~
2mω
∂
∂xi
 〈〈x1, x2| , (25a)
〈〈x1, x2| a¯‡i =

√
mω
2~
xi −
√
~
2mω
∂
∂xi
 〈〈x1, x2| . (25b)
Equation (25a) should be compared with Eq. (14). We can
directly derive Eq. (22) by using Eqs. (11), (24) and (25). It is
easy to see that |n1, n2〉〉 are eigenvectors of H associated with
Feshbach-Tikochinsky’s Hamiltonian eigenvalues [1, 3],
~ω(n1 − n2) ± i ~γ
2m
(n1 + n2 + 1) . (26)
It is now obvious that the correct vacuum eigenfunction is
the square-integrable function
ϕ¯0,0(x1, x2) =
(
mω
pi~
)1/2
exp
[
−mω
2~
(
x21 + x
2
2
)]
(27)
given as the proper inner product
ϕ¯0,0(x1, x2) := 〈〈x1, x2|0〉〉 , (28)
not the distribution ϕ0,0(x1, x2) = cδ(x1 ∓ x2). Since ϕ0,0(x1, x2)
is defined as the inner product between an element of B and an
element of K¯ , as in Eq. (16), it is originally improper in the
ordinary sense.
5. Concluding remarks
We have demonstrated that the square-integrable eigenfunc-
tion corresponding to the Bogoliubov vacuum state |0〉〉 actually
exists in quantizing the Bateman model. The square-integrable
eigenfunctions corresponding to |n1, n2〉〉, namely ϕ¯n1,n2(x1, x2),
have also been derived using the ordinary procedure mentioned
above. Thus, we have to conclude that the conclusions deduced
by Bagarello et al. are entirely wrong and there exist no prob-
lems in Ref. [3]. Their mistake to yield the wrong conclusions
is simply due to missing the correct definition of eigenfunc-
tions.
In Ref. [3], the imaginary-scaling quantization ap-
proach to the Bateman model has been considered in ad-
dition to Feshbach-Tikochinsky’s quantization approach. In
the imaginary-scaling quantization approach, one obtains the
Hamiltonian eigenvalues
~ω(n1 + n2 + 1) ± i ~γ
2m
(n1 − n2) (29)
and their associated eigenvectors, which are denoted in Ref. [3]
as |n1, n2)). The square-integrable eigenfunctions correspond-
ing to |n1, n2)) are derived in the same form as Eq. (22).
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